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Abstract: The main objective of this paper consists in studying the dynamic and observation of a wave equation [1] in
a bounded domain in the plan. This work is inscribed in the ﬁeld of control of systems governed by partial differential
equations (PDE). We consider the wave equation system with Dirichlet boundary condition whose dynamic evolves in
an inﬁnite-dimensional Hilbert space. We assume that velocity is measured on some subdomain along the boundary.
An inﬁnite-dimensional exponentially convergent Luenberger-like observer is presented to estimate the system state:
displacement and velocity on the whole domain. The main contribution of the work consists in building a reliable
numerical simulator based on the ﬁnite element method (FEM). We examine the inﬂuence of the gain on the convergence
rate of the observer.
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1 INTRODUCTION
In this paper, we propose a Luengerger-like observer for
a distributed parameter system, which is described by the
wave equation in a bounded open set Ω in the plan R2
(Ω ⊂ R2 with ∂Ω the boundary of the domain). Hence
the wave equation describes dynamic of the vibrating mem-
brane. The Luenberger-like observer that we present can
estimate the state evolution of the vibrating membrane by
measuring the velocity on a sub-domain ω along the bound-
ary. The dynamical model of system is written by:
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Wtt(x, t) = ΔW (x, t), ∀ (x, t) ∈ Ω× R
W (x, t) = 0, ∀x ∈ ∂Ω
W (x, 0) = W0(x), Wt(x, t)|t=0 = W1(x)
y(x, t) = Wt(x, t), ∀x ∈ ω
(1)
where Δ is the Laplace operator (Δ = ∂
2
∂x21
+ ∂
2
∂x22
) and
Wt(x, t) denotes the ﬁrth partial derivative ofW (x, t) with
respect to t. It’s important to note that the output measure-
ment y(x, t) is the velocity of membrane in the subdomain
ω ⊂ Ω. We assume that the choice of subdomain ω with
non empty interior satisﬁes the exactly observable property
of the system (1).
Then the Luenberger-like observer that we propose is
governed by the following partial differential equation (see
[2] and [6]) :
⎧⎪⎪⎨⎪⎪⎩
Ŵtt(x, t) = ΔŴ (x, t)− k χω(x)(Ŵt(x, t)− y(x, t))
Ŵ (x, t) = 0, ∀x ∈ ∂Ω
Ŵ (x, 0) = Ŵ0(x), Ŵt(x, t)|t=0 = Ŵ1(x)
(2)
where k > 0 positive constant is the gain of correction
and χω(x) is the indicator function of sub-domain ω, i.e.,
χω(x) = 1 if x ∈ ω and χω(x) = 0 if x ∈ ω. Ex-
ponential convergence of the observer can be shown by
proving exponential stability of the error system ε(x, t) =
Wˆ (x, t)−W (x, t). Similar proofs have been given in sev-
eral literatures for vibration equations (see [4] and [7]).
2 Variational formulation
Actually the FEM is resulted from an application of the
variational principe. We begin by transforming the PDE
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into integral equations. The aim of this step is to ﬁnd the
weak solutions of the wave equation. Then we utilize the
FEM to calculate the basis function. This step has been
studied for 40 years and several examples for the Poisson
equation ca be found in [3] [5]. So we will not repeat it
here in the paper.
We assume that the solution of system (1) is written by
W (x, t) =
n∑
j=1
Aj(t)φj(x) (3)
where φj(x), j = 1, ..., n, are basis functions. The state
space X is given by X = H10 (Ω) × L2(Ω) equipped with
the inner product
< f, g >=
∫
Ω
[∇f1(x) · ∇g1(x) + f2(x)g2(x)] dx.
Note that ∇f1(x) denotes the gradien of f1 at x, i.e.,
∇f1(x) = [f1x1 f1x2 ]′ and that H10 (Ω) is the Sobolev s-
pace deﬁned by
H10 (Ω) = {v ∈ L2(Ω)|vxi ∈ L2(Ω), i = 1, 2, v|∂Ω = 0}.
Let us develop the variational formulation from the wave
equation (1). For each v ∈ H10 (Ω), we have
−
∫∫
Ω
(ΔW − ∂
2W
∂t2
)vdx1dx2 = 0
⇒
∫∫
Ω
(
∂W
∂x1
∂v
∂x1
+
∂W
∂x2
∂v
∂x2
+
∂2W
∂t2
v)dx1dx2
−
∫∫
Ω
∂
∂x1
(v
∂W
∂x1
) +
∂
∂x2
(v
∂W
∂x2
)dx1dx2 = 0.
We recall the Green’s theorem∫∫
Ω
divFdx1dx2 =
∮
Ω
F · nds
where divF = ∇·F = ∂F1∂x1 + ∂F2∂x2 and n is exterior normal
vector.
⇒
∫∫
Ω
∇W · ∇v + ∂
2W
∂t2
vdx1dx2 −
∮
∂Ω
v
∂W
∂n
ds = 0.
It’s clear that
∮
∂Ω
v ∂W∂n ds = 0 because v|∂Ω = 0. Then it
follows from the above variational formulation that∫∫
Ω
∇W · ∇vdx1dx2 +
∫∫
Ω
∂2W
∂t2
vdx1dx2 = 0 (4)
We substitute (3) for W in equation (4), and we suppose
vh = span{φ1, φ2, · · · , φn} ⊂ H10 (Ω). Then we obtain
the following dynamical integral equations instead of the
wave equation :
n∑
j=1
{(∫∫
Ω
∇φj · ∇φidx1dx2
)
Aj(t)+
+
(∫∫
Ω
φjφidx1dx2
)
d2Aj(t)
dt2
}
= 0
where K = [kij ] =
∫∫
Ω
∇φj · ∇φidx1dx2 denote the
rigidity matrix and M = [mij ] =
∫∫
Ω
φjφidx1dx2 de-
note the mass matrix. Then the dynamic equation of sys-
tem (1) is approximated by
M d
2A
dt2 +KA = 0
The initial condition of (2.3) could be obtained by the same
method from the system (1).
3 Simulation and performance of the observer
We simulate the system (1) and observer (2), by Mat-
lab programming, with a rectangular membrane 0.5× 0.4,
uniform density then regular unstructured grid, R1 + R2
subdomain of the output in red frame as follows:
Figure 1: unstructured grid, 160 triangular elements, 99
nodes, R1 +R2 output subdomain
We have chosen a gain of correction k = 1.01 and vi-
brating amplitude A = 0.001m. The initial conditions of
system (1) and observer (1) are deﬁned as follows:
{
W (x, 0) = Asin(x1π)sin(x2π)
Wt(x, 0) = 0
(5)
{
Ŵ (x, 0) = −Asin(x1π)sin(x2π)
Ŵt(x, 0) = 0
(6)
Then the evolution of vibrating membrane and observer are
shown in several ﬁgures from 2 to 5 at t = 0, t = 0.1s, t =
1s and t = 30s
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(a) vibrating system (b) observer
Figure 2: form at initial instant
(a) vibrating system (b) observer
Figure 3: form at t = 0.1s
(a) vibrating system (b) observer
Figure 4: form at t = 1s
(a) vibrating system (b) observer
Figure 5: form at t = 30s
From these ﬁgures, we could conclude that the observer
(2) is convergent to vibrating system (1) with domain mea-
surement as ω if t ≥ 30s. Therefore the estimated error
is convergent to zero which is presented in next 2 ﬁgures,
about displacements and velocities on the nodes from 40 to
60. Nevertheless there exist always some very low oscilla-
tions on nodes near the boundary.
Figure 6: estimated errors of displacement for nodes from
40 to 60
Figure 7: estimated error of velocity for nodes from 40 to
60
It’s clear that the necessary time for the observer to catch
the trajectory of vibrating system for node 50 is 25s. We
present the estimated error at node 50 in 2 next ﬁgures.
Figure 8: estimated error of displacement for node 50
Figure 9: estimated error of velocity for node 50
The performance of the observer depends on the gain of
correction. We enumerate the necessary time of catch for
several gains in next table. We found that the best gain of
correction is 0.5.
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Gain 3 1.5 1.1 1.0011
Times 47.2 27.5 25.9 28
Gain 0.999 0.9 0.5 0.1
Times 29.5 30 25 47.3
And the performance of the observer depends also on
the domain of observation. The larger the measured
subdomain is, the faster the observer converges to the state.
If the measurement subdomain is global, the time of catch
will be 5s for node 50 in next ﬁgure.
Figure 10: estimated error of velocity of node 50 with a
global measurement
4 Conclusions and perspectives
We have proposed an inﬁnite-dimensional Luenberger-
like observer which allows to estimate the state of the wave
system. And the numerical study has been carried out in
order to develop a reliable simulator and test efﬁciency and
performance of the observer. The main contribution of this
work is to build a numerical simulator based on the ﬁnite
element method. We have examined the inﬂuence of gain
correction on the observer convergence rate.
For the simulation part, we have chosen the initial condi-
tions well satisfying some compatibility condition to obtain
very uniform and very smooth trajectories. We must em-
phasize that the choice is not mandatory. The result would
be also good if we use an initial condition having no com-
patibility condition satisﬁed.
In the outlook, we shall complement the theoretical part
of the study in a separate paper, and secondly take into ac-
count the non-linearity of the model. In the construction of
the observers, we also wish to extend the study to other dy-
namic models in continuum mechanics as well as the wave
equation in three dimensions. The stabilization’s problem
for 1D wave equation has been studied in [8], so we could
extend the ideas for studying our membrane system.
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